Viscoelasticity in normal 3 He as a consequence of the Landau theory of normal Fermi 

liquids 
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We show that a viscoelastic dispersion relation for shear waves in normal 3 He at low temperatures 
follows directly from the Landau theory of normal Fermi liquids. This theoretical result is in accord 
with the experimental observations of propagating high frequency shear waves that identify normal 
3 He as a viscoelastic substance. 
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A viscoelastic substance has high frequency properties 
that are characteristic of a solid an at low frequency the 
properties of a viscous fluid. The best known example is 
Silly Putty©. At very low temperatures, 3 He in its nor- 
mal state also has these properties Q . Somewhat surpris- 
ingly it was only recognized to be a viscoelastic substance 
several years after the development of the Landau theory 
of normal Fermi systems 3 He is also a remarkable 
viscoelastic liquid. Ordinary liquids exhibit viscoelastic- 
ity that is far from simple. Both shear and bulk moduli 
relax, and a spectrum of relaxation times is commonly 
observed A viscoelastic substance in which only the 
shear modulus relaxes, with a single relaxation time, is 
called an ideal viscoelastic substance. Based on exper- 
iments with longitudinal sound, 3 He appears to be an 
ideal viscoelastic substance, and is, furthermore, the only 
known example of such a substance. It has been shown 
on theoretical grounds Q that this is true to a "reason- 
able first approximation." However, it is also found in in 
that ideal viscoelastic behavior is "only a crude first 
approximation for transverse sound," and that the ideal 
"viscoelastic model does not give quantitatively reliable 
results." Special importance is attached to the fact that 
the transverse sound velocity is less than or equal to the 
Fermi velocity, and it is inferred that this interferes with 
the validity of the viscoelastic interpretation of transverse 
zero sound. 

The purpose of this note is to show that Fermi liquid 
theory can be used to derive the general viscoelastic equa- 
tions for transverse zero sound exactly, independently of 
the relative magnitudes of the transverse sound velocity 
and the Fermi velocity. Thus, while 3 He may not be an 
ideal viscoelastic substance for transverse sound, never- 
theless it is a viscoelastic substance. 

What we are able to do is show that the Landau theory 
leads to a dispersion relation for transverse zero sound 
that is exactly as given by a viscoelastic model. This 
dispersion relation is 

\ 2 = MJ-(g)^) /j\ 
.1/ P 

where u> and q are the frequency and wave vector of the 
transverse mode, p is the mass density and (J,±(q, u>) is 



the transverse modulus, i. e. 
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where H xz is an off-diagonal element of the stress tensor 
and (du x /dz + du z /dx) is the corresponding elemetnt of 
the strain tensor. The dependence on q of n± arises from 
its non-locality in real space. 

In the remainder of this note, we obtain from the Lan- 
dau theory of normal Fermi liquids a general expression 
for u>). We then derive a closed- form dispersion re- 

lation for propagating transverse modes, valid for all fre- 
quencies and relaxation times. Finally, we show that this 
dispersion relation can be cast in the form This es- 
tablishes the viscoelastic model of transverse zero sound 
propagation as a rigorous outcome of Landau theory. We 
note at the outset that two assumptions are made in ob- 
taining our result. The first is that all Landau parameters 
Fi with I > 3 are zero. The second is that all distortions 
of the Fermi surface decay locally via collisions with a sin- 
gle relaxation time, with the exception of a dilation and 
a translation, which do not decay via collisions because 
of particle and momentum conservation. 

Small deviations from equilibrium of the quasiparti- 
cle distribution function, np(x, t) will be denoted by 
Snp(x,t), where p is the quasiparticle momentum p(. 
We assume that the mode has a space and time depen- 
dence of the form e l (i z - ult ) . The linearized Landau ki- 
netic equation is, then, in the absence of external forcing 
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(—iuj + iqvp cos 6) np + ^— ^ cos 6 fppSnp — I [np] 

p' 

(3) 

The quantity is the spin-symmetric quasiparticle in- 
teraction energy, I[np] is the collision contribution to the 
kinetic equation and n { l is the equilibrium distribution. 
We are interested in transverse modes, so we write 
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where pf is the Fermi momentum, 

D sin 8 cos 8 cos < 



The last equality above defines 12- Thus, 



up = B sin 8 cos < 
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and up consists of the contributions of all higher or- 
der, appropriately transverse, spherical harmonics to up. 
Inserting J2J| and JSJ into J^J, and adopting a single- 
relaxation-time model for I[np] we obtain 
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The quantity n in and (|10(l is the particle number 
density. 

The ratio D/B in (|10(l is obtained by noting that up, 
which, according to @ is given by 



-iu> + iqvp cos 8 + 
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We are assuming that Fi — when / > 3. The F;'s are 
Landau parameters defined in the standard way. 

The modulus fj,± can now be obtained from © using 

IIxz = y^^Px(vp)zSfip 
p 

= p F v F N(0)D ^1 + y sin 3 6> cos 2 8 cos 2 </> d6» d 
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is orthogonal to the spherical harmonic Y% oc 
Thus, 
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where the last equality should be taken as a definition of 
I\. In 0, we used 
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The strain tensor, u xz is calculated using the connec- 
tion between current density and strain Q. One obtains 
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The modulus described by 1)10(1 with D/B given by 1(12(1 
interpolates between a low frequency limit proportional 
to lot ji and a finite high frequency limit that is real and 
positive if u> > qvp and complex otherwise. It is thus a 
viscoelastic modulus. 

Equation ((11(1 also provides us with the dispersion re- 
lation for a propagating transverse mode. Notice that up 
is also orthogonal to Y± cx sin6*cos(/>. We then obtain 
the following requirement for a nontrivial solution to the 
undriven kinetic equation: 
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This is a closed-form dispersion relation for undriven interpolates between an overdamped low frequency mode 
transverse modes in a normal Fermi liquid. Its solution and a propagating high frequency shear wave. 
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A few further manipulations suffice to reduce this dis- 
persion relation to the desired form QJ. First, for the 
left hand side we have 



f( ! U 
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Inserting this into 3(1 we obtain, after some manipula- 
tions, 
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A few straightforward steps and reference to and fP2|l 
yields 



Thus, 



Using HDJl: 



qv F 1 



5 



h B 



LOVp 



5 j hB 



-— [ 1 + ) t*±(q,u) 

npp \ 5 ' 



(16) 



(17) 



(18) 



Finally, since 1 + Fi/3 — m*/m and vp = pp/m* , we 
have 



not in liquids. The criticisms base on the Landau the- 
ory of normal Fermi liquids have been of the modeling 
of transverse zero sound as an ideal viscoelastic phe- 
nomenon. Because the Fermi velocity is greater than the 
velocity of transverse zero sound we do not expect the 
spatially local modulus with a single relaxation time that 
characerizes an ideal viscoelastic substance to apply here. 
As pointed out earlier, no viscoelastic substance has been 
found to be ideal with the single exception of 3 He as a 
medium for longitudinal mode propagation. That the 
dispersion relation for transverse modes in 3 He does not 
fit the ideal viscoelastic model is therefore not surpris- 
ing. In our opinion, viscoelasticity provides an intuitively 
useful and quantitatively valuable model for zero sound 
propagation in normal 3 He. Furthermore, as we have just 
seen, it follows directly from Landau theory. 
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and the viscoelastic dispersion relation is recovered. 

The above result establishes the viscoelastic model for 
transverse zero sound propagation in normal 3 He as an 
exact consequence, within the assumptions noted above, 
of the Landau theory of normal Fermi liquids. However, 
we would like to point out that a propagating shear mode 
in liquid 3 He is, in and of itself, evidence that the sub- 
stance is viscoelastic. Such a mode occurs in solids and 
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